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Abstrat
We show that three deformation funtors (deformations of the produt, at
deformations and deformations of the relations) assigned to an assoiative algebra
are naturally isomorphi.
Introdution
In the litterature (see [1℄ and referenes here-in), deformations of an assoiative algebra
A mostly refer to deformations of the assoiative multipliation of A. But, dually to
deformations of shemes and singularities, it is as natural to onsider at deformations
of assoiative algebras. A deformation of the multipliation of A denes diretly a
at deformation. In this paper we show that, up to equivalene, any at deformation
over an Artin base is just a deformation of the multipliation.
A third approah is to onsider A as a quotient of a free algebra, modulo an ideal of
relations, and to study deformations of those relations. To make this approah t into
the at onept, we also have to ontrol higher relations whih leads to deforming
the dierential of a whole free DG algebra resolution of A. By abuse of language, we
still speak of deformations of the relations of A. It was shown by Kontsevih [3℄ that
deformations of the assoiative multipliations of A, parametrized by an Artin algebra
B (or by a projetive limit of Artin algebras), orrespond one-to-one to deformations
of the relations of A, parametrized by B. The aim of this paper is to show that at
deformations over Artin algebras are just a third perspetive to deformations of A.
Conventions: For the whole paper, x a ground eld k of harateristi zero. We
will study deformations of an assoiative non-unitary k-algebra A. All onstrutions
and statements are true with sleight modiations for unitary algebras. The multipli-
ation A ⊗k A −→ A will be denoted by α. Deformations will be parametrized by a
ommutative loal artinian algebra B = (B,m) suh that B/m = k. Let Art be the
ategory of these algebras. For any k-module (or DG module) M , set MB :=M ⊗kB
and Mm :=M ⊗k m.
1
1 Deformation theory via DG Lie algebras
A good introdution to deformation theory via DG Lie algebras is given in [5℄. We
will just reall the general basi onept: To study deformations of a given objet A in
some ategory, we assign a deformation funtor Def to A, i.e. the set-valued funtor
Def : Art −→ set on the ategory of Artin algebras, assigning to B ∈ Ob(Art) the
quotient of the set of all deformations of A parametrized by B, modulo equivalent
deformations. We say that the deformations of A are governed by a DG Lie algebra
L = (L, d, [·, ·]), if the funtor Def is of the form
Def(B) =MC(B)/ ∼, (1.1)
where the right hand-side is dened as follows: The tensor produts LB := L⊗B and
Lm := L⊗m are again DG Lie algebras with struture maps dened by d(u⊗b) = du⊗b
and [u⊗ b, u′ ⊗ b′] = [u, u′]⊗ bb′. Sine the ideal m is nilpotent, the Lie algebra L0
m
is
also nilpotent. We an thus form the group G := exp(L0
m
), and the exponential map
exp : L0
m
−→ G is bijetive. The group G operates on L1
m
via
exp(f) · u = exp(adf )(u),
where adf is the endomorphism u 7→ [f, u] of L
1
m
. It is onvenient to introdue the
DGL algebra L˜m = (L˜m, dd, [·, ·]d), dened by L˜
i
m
:= Li
m
, for i 6= 1 and L˜1
m
:= L1
m
⊕k ·d.
The struture maps of L˜m are dened by dd(u+λd) = du, [d, u]d = du and [d, d]d = 0,
for λ ∈ k and u ∈ Lm. We have the ane map Lm −→ L˜m, given by u 7→ u˜ := u+ d.
Sine L˜0
m
= L0
m
, the group G also ats on L˜1
m
. Now we an dene MC(B) whih is
the set
{u ∈ L1
m
| du+
1
2
[u, u] = 0}
of Maurer-Cartan-elements of Lm. The tilde-map restris to a bijetion between
MC(B) and the set
M˜C(B) := {u˜ ∈ L˜1
m
| [u˜, u˜]d = 0}.
The set M˜C(B) is invariant under the ation of G. We all two Maurer-Cartan el-
ements u, v ∈ MC(B) (gauge-)equivalent, if u˜ and v˜ are in the same orbit of the
ation of G on M˜C(B). This denes the equivalene relation in equation 1.1.
We an verify immediately that if two deformation theories are governed by DG
Lie algebras La and Lb, respetively, and if there is an (iso)morphism La −→ Lb of DG
Lie algebras, we get an (iso)morphism of deformation funtors. But due to Kontsevih
[2℄, there is a muh stronger statement:
Theorem 1.1. A quasi-isomorphism between two DG Lie algebras (in fat a quasi-
isomorphism in the ategory of L∞-algebras is suient) indues an isomorphism
between the orresponding deformation funtors.
Below, to any assoiative algebra, we will assign two deformation funtors Def rel
(deformations of relations) and Defass (assoiative deformations) that are governed
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by DG Lie algebras Lass and Lrel, respetively, and a deformation funtor Defflat, for
whih it is not lear, a priori, if it is governed by a DG Lie algebra. It was shown by
Kontsevih [3℄ that the DG Lie algebras Lrel and Lass are quasi-isomorphi, thus the
deformation funtors Defass and Def rel are isomorphi. The aim of this paper is to
show that the third one Defflat is isomorphi to the both of them.
2 Deformations of the assoiative struture
Denition 2.1. A deformation of the assoiative struture of A with basis
B = (B,m) is a B-linear map β : AB ⊗B AB −→ AB with Im(β) ⊆ Am suh that the
sum α+ β is assoiative as a produt on AB .
Denition 2.2. Two deformations β and β′ of the assoiative struture of A with
basis B are equivalent, if there exists a B-linear isomorphism Φ : (AB , α + β) −→
(AB , α+β
′) (in the unitary ase, Φ has to be unitary) suh that the following diagram
ommutes:
A
AB
>>}}}}}}}}
Φ // AB
``AAAAAAAA
(∗)
Maps without label are anonial.
It was disovered by Gerstenhaber, that the deformations of the assoiative stru-
ture of A are governed by a DG Lie algebra Lass, namely the Hohshild ohain
omplex. The graded Lie braket on this omplex is now alled the Gerstenhaber
braket. Let's reall the modern denition of the Hohshild ohain omplex:
In the sequel, M shall always denote the graded k-module ↓ A whih is dened as
(↓ A)−1 = A and (↓ A)i = 0, for i 6= −1. We have natural maps ↓: A −→ M (degree
-1) and ↑:M −→ A (degree +1). For any graded k-module W , let TW :=
∐
n≥1W
⊗n
be the (non-unitary) tensor algebra. On TW , we have a oprodut ∆ : TW −→
TW ⊗ TW , dened by
w1 ⊗ . . .⊗ wn 7→
n−1∑
i=1
(w1 ⊗ . . . ⊗ wi)⊗ (wi+1 ⊗ . . .⊗ wn).
Reall that the bar onstrution BA of A is the DG oalgebra (TM,∆, Q), where
the degree one odierential Q on TM is uniquely dened by its (o)restrition
Q2 :M ⊗M −→M
m1 ⊗m2 7→ − ↓ α(↑ m1, ↑ m2).
For more details, see [9℄. The Hohshild ohain omplex of A is the DG Lie
algebra Lass := Coder(BA) =
∐
iHom(M
⊗i,M) of oderivations on the DG oalgebra
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BA. Its Lie braket is the graded ommutator and the (degree one) dierential dass is
given by q 7→ [Q, q]. Observe that
L0ass(m)
∼= Homk-Mod(A,Am) ∼= {f ∈ EndB-Mod(AB)| Im f ⊆ Am}.
Now, L0ass(m) is a nilpotent Lie subalgebra of EndB-Mod(AB). The Lie group Gass
assoiated to Lass(m)
0
is the subgroup
{φ ∈ AutB-Mod(AB)| φ = 1 + ψ for a ψ with Imψ ⊆ Am}
of AutB-Mod(AB). The exponetial map
exp : Lass(m)
0 −→ Gass
f 7→ 1 + f +
1
2
f2 + . . .
is bijetive. Its inverse is given by 1+ψ 7→ ln(1+ψ) =
∑∞
n=1
(−1)n−1ψn
n
. Observe that
L1ass(m)
∼= Homk-Mod(A⊗k A,Am)
∼= {β ∈ HomB-Mod(AB ⊗B AB , AB)| Imβ ⊆ Am}.
The group Gass ats on L
1
ass(B) by φ : γ 7→ φ ◦ γ ◦ (φ
−1 ⊗ φ−1). This is just
the group ation desribed more abstratly in Setion 1. We identify deformations β
and β′ of α, if there exists an element φ of Gass suh that φ.(α + β) = α + β
′
. (Be
areful, in this ase, we don't have β′ = φ.β!) This is just the equivalene relation in
Denition 2.1. Verify that deformations of the assoiative struture of A with basis
B orrespond to Maurer-Cartan elements
MCass(B) := {β ∈ L
1
ass(m)| dass(β) +
1
2
[β, β] = 0}.
Eah element φ of Gass, denes a bijetion (that we shall also denote by φ)
φ :MCass(B) −→MCass(B)
β 7→ φ.(α+ β)− α.
Two elements β and β′ inMCass(B) are equivalent, i.e. if β
′ = φ(β), for a φ ∈ Gass, if
and only if they orrespond to equivalent deformations of α. We dene the deformation
funtor Defass : Art −→ set as
Defass(B) :=MCass(B)/ ∼ .
3 Deformations of the relations
We an hoose a free non-positively graded DGA resolution (R, s) of A, i.e. (R, s) is
the free graded tensor algebra over a graded k-module together with a derivation s of
degree +1 with s2 = 0 suh that (R, s) is ayli in negative degrees and H0(R, s) ∼= A
via a xed morphism R0 −→ A. It an easily be veried that suh a resolution exists
and we will see later that there is even a anonial one.
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Denition 3.1. A deformation of the relations of A with basis B is a degree one
derivation δ of the free graded B-algebra RB = R ⊗k B suh that the following two
onditions hold:
(1) Im δ ∈ R⊗k m,
(2) (s+ δ)2 = 0, i.e. the perturbed derivation s+ δ on RB is again a dierential.
First, we want to prove that, for suh a deformation δ, the omplex (RB , s+ δ) is
ayli in negative degrees.
Proposition 3.2. For eah deformation δ of the relations of A with base B, the
omplex (RB , s+ δ) is a free resolution of A˜ := H
0(RB , s + δ) over B.
Proof. The inlusions ... ⊆ m2 ⊆ m ⊆ B give raise to a ltration of the omplex
(RB , s+ δ). The term E
p,q
1 of the spetral sequene assigned to this ltration is zero,
for p + q 6= 0. The statement is thus a onsequene of the Classial Convergene
Theorem (see [10℄) for spetral sequenes. 
Denition 3.3. Two Deformations δ1 and δ2 of the relations of A with basis B are
equivalent, if there exist a B-linear isomorphism Φ : (RB , s+ δ1) −→ (RB , s+ δ2) of
DG algebras suh that the diagram
R
RB
>>}}}}}}}}
Φ // RB
``AAAAAAAA
(∗∗)
ommutes.
Again, we will onstrut a DG Lie algebra, governing the deformations of the
relations of A. Let Lrel be the graded module Der(R) =
∐
i∈ZDer
i(R) of k-linear
derivations of R. It arries a DGL struture, where the Lie braket is again the
graded ommutator and the degree one dierential drel is given by δ 7→ [s, δ]. The
omplex (Lrel, drel) is alled (nonommutative) tangent omplex. As above,
onsider the DG Lie algebras Lrel(B) := Lrel ⊗ B and Lrel(m) := Lrel ⊗ m. The
Liegroup orresponding to the nilpotent Lie algebra L0rel(m) is given by
Grel = {φ ∈ AutB-Alg(AB)| φ = 1 + ψ for a ψ with Imψ ⊆ Am}.
Remark that in ontrast to Gass, the elements of Grel are algebra homomorphisms.
The exponential map
exp : Lrel(m)
0 −→ Grel
f 7→ 1 + f +
1
2
f2 + . . .
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is bijetive. The group Grel ats on L
1
rel(B) by φ : γ 7→ φγφ
−1
. We identify defor-
mations δ and δ′ of the relations of A with basis B, if there exists an element of Grel
suh that φ.(s+ δ) = s+ δ′. Verify that the deformations of the relations of A are in
one-to-one orrespondene with the Maurer-Cartan elements:
MCrel(B) := {δ ∈ Lrel(m)
1| drel(δ) +
1
2
[δ, δ] = 0}
Eah element φ of Grel, denes a bijetion (that we shall also denote by φ)
φ :MCass(B) −→MCass(B)
β 7→ φ.(α+ β)− α.
Two elements δ and δ′ in MCrel(B) are equivalent, i.e. if δ
′ = φ(δ), for a φ ∈ Grel,
if and only if they orrespond to equivalent deformations of the relations of A with
basis B. We dene the deformation funtor Def rel : Art −→ set as
Defrel(B) :=MCrel(B)/ ∼,
where ∼ denotes the relation generated by this group ation. The following theorem,
taken from [3℄, proves that the deformation funtor does not depend on the hosen
resolution R of A:
Theorem 3.4. The tangent Lie algebras Lrel,1 and Lrel,2, orresponding to two dif-
ferent free DGA resolutions R1 and R2 of A are quasi-isomorphi as DGL algebras.
As onsequene, they dene isomorphi deformation funtors.
4 Flat deformations
Denition 4.1. A at deformation of A with basis B is a at assoiative B-algebra
A˜, together with a xed isomorphism A˜⊗B k −→ A.
Example 4.2. For A ommutative, the deformations of the ane sheme X = SpecA
over SpecB are by denition artesian diagrams
X
g

X

oo
SpecB ∗oo
If X = Spec A˜ is an ane at sheme over SpecB, then A˜ is a at deformation of A.
Denition 4.3. Two at deformations A˜1 and A˜2 of A with basis B are equivalent,
if there exists a B-algebra isomorphism Φ : A˜1 −→ A˜2 suh that the diagram
A
A˜1
??~~~~~~~
Φ // A˜2
__@@@@@@@
(∗ ∗ ∗)
ommutes.
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Flat deformations of A are not diretly related to a DG Lie algebra. We dene
the deformation funtor Defflat : Art −→ set by
Defflat(B) := {at deformations of A with basis B}/ ∼ .
4.1 From assoiative deformations to at deformations
If β is a deformation of the assoiative struture of A with basis B, then A˜ := (AB , α+
β) is a at deformation of A. If β is equivalent to β′ as deformation of α, then
(AB , α+ β) is equivalent to (AB , α+ β
′) as at deformation. Thus we have a natural
transformation
F : Defass −→ Defflat
of deformation funtors. By onstrution, for any artinian basis B, the map F (B) :
Defass(B) −→ Defflat(B) is injetive.
4.2 From deformations of the relations to at deformations
We x a free DGA resolution (R, s) of A. This data ontains an algebra map φ :
R0 −→ A, induing an isomorphism H0(R, s) −→ A. Let δ be a deformations of the
relations of A with basis B. We have seen that the DGA algebra (RB , s+ δ) is a free
resolution of A˜ := H0(RB , s+ δ) over B.
Proposition 4.4. The algebra A˜ is at as B-module.
Proof. For eah B-module M and eah i > 0, we have
TorBi (A˜,M) = H
−i(RB ⊗B M) = 0,
whih follows by the same speatral sequene argument as in the proof of Proposi-
tion 3.2. 
The assignment δ 7→ H0(RB , s+ δ) denes a natural transformation
G : Defrel −→ Defflat
of deformation funtors. The naxt aim is to show that G is surjetive. We will
make use of Nakayama's Lemma for Artin algebras (that works without any nitely
generated assumption). For the proof, see [5℄.
Lemma 4.5. For a loal artinian algebra (B,m) and any B-module, ifM⊗BB/m = 0,
then M = 0.
In the sequel, for any B-moduleM , we will use the abreviation M ′ :=M⊗BB/m.
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Lemma 4.6. Consider a omplex
... //M−2
d−2 //M−1
d−1 //M0
of at B-modules suh that the indued omplex (M ′, d′) is ayli (in degrees ≤ i).
Then, (M,d) is ayli (in degrees≤ i and Kern(di−1) is at). The same statement is
true, if we replae B by any loal noetherian algebra under the additional assumption
that eah M i is a nitely generated B-module.
Proof. First, we show that d−1 is surjetive: We have a short exat sequene
0 −→ Im(d−1) −→M0 −→ H0(M) −→ 0.
Appliation of the right exat funtor ⊗BB/m gives an exat sequene
Im(d−1)′ −→M ′
0
−→ H0(M)′ −→ 0. (4.2)
Sine the epimorphism d′−1 fators through Im(d−1)′, the rst arrow of the exat
sequene 4.2 is surjetive, hene H0(M)′ = 0. By Lemma 4.5, we get H0(M) = 0.
Next we show that H−1(M) = 0: Sine we have an exat sequene
0 −→ Kern(d−1) −→M−1 −→M0 −→ 0, (4.3)
the atness of M0 and M−1 implies the atness of Kern(d−1). Applying th funtor
⊗BB/m to the exat sequene 4.3, we get an exat sequene
0 −→ Kern(d−1)′ −→M ′
−1
−→M ′
0
−→ 0, (4.4)
hene we have a natural isomorphism Kern(d′−1) ∼= Kern(d−1)′. Applying ⊗BB/m to
the short exat sequene
0 −→ Im(d−2) −→ Kern(d−1) −→ H−1(M) −→ 0,
we get an exat sequene
Im(d−2)′ −→ Kern(d−1)′ −→ H−1(M)′ −→ 0.
Sine the epimorphism M ′−2 −→ Kern(d′−1) fators through Im(d−2)′, we see that
the rst map of the last exat sequene is surjetive. Thus H−1(M)′ = 0. Again, by
Lemma 4.5, H−1(M) = 0. Continuing indutively in the same manner, we get that
for eah i ≤ 1, the module Kern(di) is at over B and that H i(M) = 0. 
Proposition 4.7. For eah algebra B in Art, the map G(B) : Def rel(B) −→ Defflat(B)
is surjetive.
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Proof. Let f : B −→ A˜ be a at deformation of A with basis B. As graded algebra,
set R˜ := RB. Remark that R˜
′ = R˜⊗B k = R.
We laim that we an nd (1) a lifting φ˜ : R˜0 −→ A˜ of φ, i.e. map of B-algebras
suh that φ˜′ = φ, and (2) a dierential s˜ on the graded algebra R˜ suh that s˜′ = s
and suh that φ˜ indues an isomorphism H0(R˜, s˜) −→ A˜.
Sine R˜0 is a free B-algebra, a lifting φ˜ of φ an be hosen. By Lemma 4.6, this
lifting φ˜ is surjetive and thus, Kern φ˜ is at over B. If follows that (Kern φ˜)′ ∼= Kernφ.
We dene the dierential s˜ indutively, by hosing its values on the free generators x
of R. For be a free generator x of degree −1, there is a lifting r˜ of s(x) in Kern φ˜.
Set s˜(x) := r˜. In this way, we dene the omponent s˜−1 : R˜−1 −→ R˜0. Applying
Nakayama, as in the proof of Lemma 4.6, we see that Im(s˜−1) = Kern φ˜, thus we have
a short exat sequene
0 −→ Kern s˜−1 −→ R˜−1 −→ Kern φ˜ −→ 0.
It follows that Kern s˜−1 is at over B and that Kern s−1 = (Kern s˜−1)′. Now, for free
generators x of R of degree −2, we an dene s˜−2(x) as a lift of s−2(x) in Kern s˜−1
and so on. Indutively, for eah n > 0, we an dene the values s˜−n(x), for free
generators of R of degree −n in suh a way that Kern s˜−n is at over B and suh that
the omplex
Kern s˜−n −→ R˜−n −→ · · · −→ R˜0
is a resolution of A˜. Thus the dierential s˜ an be onstruted as desired.
Finally, we see that s˜ equals s + δ, for a deformation δ of the relations of A with
basis B. 
5 The anonial free DGA resolution
Consider a dierential graded oalgebra C with omultipliation ∆ and degree one
odierential q. Set W to be the shifted module C[−1] =↑ C. Reall that the obar
onstrution ΩC of C is the free graded tensor algebra TW together with the degree
one dierential d, whih is uniquely dened by its orestritions d1 :=↑ q ↓: W −→W
and d2 :=↑
⊗2 ∆ ↓. The obar onstrution is a funtor
Ω : DG-Alg −→ DG-Coalg .
The following statement an be found in [4℄ or [9℄.
Theorem 5.1. (1) Bar and obar onstrution form an adjoint pair (Ω,B) of fun-
tors. (With appropriate model strutures on the ategories DG-Alg and DG-Coalg
they even form a Quillen-funtor.)
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(2) For any DG algebra A, the natural map ΩBA −→ A is a quasi-isomorphism.
I.e. ΩBA is a anonial free DGA resolution of A.
It is worth, studying more losely the anonial free DGA resolution ΩBA of an
assoiative k-algebra A. As earlier, setM :=↓ A. Reall that the bar onstrution BA
is the DG oalgebra TM with oalgebra struture as in Setion 2. As graded objet,
the omplex ΩBA equals T ↑ (TM). Piturally:
↑ (M ⊗M ⊗M ⊗M)
ttjjjj
jjj
jjj
jjj
jjj
j

↑ (M ⊗M ⊗M)
vvnnn
nn
nn
nn
nn
nn
n

4 fators,
2 arrows
uukkkk
kkk
kkk
kkk
kkk

↑ (M ⊗M)
yyttt
tt
tt
tt
tt

↑(M⊗M)⊗↑M
+↑M⊗↑(M⊗M)
vvmmm
mm
mm
mm
mm
m

4 fators,
3 arrows
uujjjj
jjj
jjj
jjj
jjj
jj

↑M ↑M⊗ ↑M ↑M⊗ ↑M⊗ ↑M ↑M ↑M⊗ ↑M⊗ ↑M
For i ≤ 0, the degree i omponent ΩBAi of ΩBA is the sum over all terms of the form
↑ (M ⊗ . . .⊗M)⊗ . . .⊗ ↑ (M ⊗ . . .⊗M), ontaining n = 1, 2, 3, . . . opies of M and
n+ i arrows. We all the number n the polynomial degree. The polynomial degree
is a seond grading of the algebra ΩBA. A third one is given by the number of arrows
arising in a summand The three gradings are related by
degree = number of arrows− polynomial degree.
The dierential d of ΩBA has two omponents. One omponent dsw of polynomial
degree −1 and one omponent ds inreasing the number of arrows by one. Sine ΩBA
is the free tensor algebra over ↑ (TM), the dierential is uniquely dened by its values
on terms of the form ↑ (M ⊗ . . .⊗M) (upper diagonal). We have
ds(↑ (m1 ⊗ . . .⊗mn)) =
n−1∑
j=1
(−1)j ↑ (m1 ⊗ . . .⊗mj)⊗ ↑ (mj+1 ⊗ . . .⊗mn)
and dsw is just the shifted bar omplex, i.e.
dsw(↑ (m1 ⊗ . . .⊗mn)) =
n−1∑
j=1
(−1)j−1 ↑ (m1 ⊗ . . . ⊗mj−1 ⊗mj ·mj+1 ⊗ . . .⊗mn),
where mj ·mj+1 stands for ↓ (↑ mj· ↑ mj+1). The natural algebra map p : ΩBA −→ A
given by the adjoint funtor property of the bar and obar onstrution is the map
from the degree zero omponet to A given by
p :↑ m1 ⊗ . . .⊗ ↑ mn 7→↑ m1 · . . . · ↑ mn.
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The omplex ΩBA is ltered by the polynomial degree and the assoiated dier-
ential graded ring is the sum over the rows in the above piture. All rows exept the
rst one are ayli split. The splitting is given by the formular (see Chapter 3.4 of
[9℄ or Page 36 of [4℄)
↑ (m11 ⊗ . . .⊗m1i1)⊗ . . .⊗ ↑ (mk1 ⊗ . . .⊗mkik) 7→{
0 for i1 6= 1
↑ (m11 ⊗m21 ⊗ . . . ⊗m2i2)⊗ . . .⊗ ↑ (mk1 ⊗ . . .⊗mkik) for i1 = 1
Again by onvergene of the spetral sequene obtained from the polynomial ltration,
the map p is a quasi-isomorphism. By the same reason, the natural inlusion A =↑
M −→ ΩBA is also a quasi-isomorphism. Of ourse it is not an algebra map. The
proof of the following theorem is enrypted in [3℄:
Theorem 5.2. There is a natural quasi-isomorphism
Lrel = Der(ΩBA) −→ Coder(BA) = Lass
respeting the DGL-strutures. In onsequene, we get an isomorphism Defrel −→
Defass of deformation funtors.
Proof. The quasi-isomorphism p : ΩBA −→ A indues a quasi-isomorphism
Der(ΩBA) = Hom(↑ BA,ΩBA) −→ Hom(↑ BA,A) ∼= Hom(BA, ↓ A) = Coder(BA).
Chek that it respets the DGL strutures. 
In the sequel, we will form the set MCrel(B) with respet to the anonial free
DGA resolution ΩBA of A. By Theorem 1.1, the quasi-isomorphism of Theorem 5.2
indues, for eah B ∈ Art, a bijetion E : Defrel(B) −→ Defass(B). The knowledge of
the struture of ΩBA allows us to desribe easily the inverse E−1: Let β ∈ MCass(B)
be a Maurer-Cartan element. The dierentials of ΩB(AB, α) and ΩB(AB , α + β) on
the graded algebra ΩBAB only dier by a omponent δ(β) in south-west diretion.
We have δ(β) ∈ MCrel(B) and the quasi-isomorphism of Theorem 5.2 maps the lass
of δ(β) to β. Thus, E maps the lass [δ(β)] of δ(β) in Def rel(B) to the lass [β] of β
in Defass(B).
Now we are able to prove the main statement:
Theorem 5.3. For any loal ommutative artinian algebra B, the diagram
Defrel(B)
E //
G &&NN
NN
NN
NN
NN
N
Defass(B)
F

Defflat(B)
ommutes and all the arrows are bijetions.
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Proof. For [β] ∈ Defass(B), we have G(E
−1([β])) = G([δ(β)]) = H0(ΩBAB, d +
δ(β)) ∼= (AB , α+ β) ∼= F ([β]). This proves the ommuativity. Sine E is an bijetive,
G is surjetive and F is injetive, we see that F and G are also isomorphisms. 
Corollary 5.4. The three deformation funtors Defass, Def rel and Defflat are isomor-
phi.
By Theorem 5.3, the funtors E, F and G are in partiular smooth. Thus, by
an observation of Shlessinger [8℄, Corollary 5.4 is still true, if we replae the three
deformation funtors by their extensions to ertain ategories of projetive limits of
Artin algebras, for example the ategory of omplete noetherian loal algebras with
residue eld k.
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